BENDING

Axis of symmetry

- %Ieutral axis
| M

z < x

Axis of symmetry

Unsymmetric Bending

When developing the flexure formula we imposed a condition that
the cross-sectional area be symmerric about an axis perpendicular to the
neutral axis; furthermore, the resultant internal moment M acts along
the neutral axis. Such is the case for the “T” or channel sections shown in
Fig. 6-29. These conditions, however, are unnecessary, and in this section
we will show that the flexure formula can also be applied either to a
beam having a cross-sectional area of any shape or to a beam having a
resultant internal moment that acts in any direction.

Moment Applied About Principal Axis. Consider the beam’s
cross section to have the unsymmetrical shape shown in Fig. 6-30a. As in
Sec. 6.4, the right-handed x, y, z coordinate system is established such
that the origin is located at the centroid C on the cross section, and the
resultant internal moment M acts along the +z axis. We require the stress
distribution acting over the entire cross-sectional area to have a zero
force resultant, the resultant internal moment about the y axis to be zero,
and the resultant internal moment about the z axis to equal M.* These
three conditions can be expressed mathematically by considering the
force acting on the differential element dA located at (0, y, z), Fig. 6-30a.
This force is dFF = o d A, and therefore we have

Fy=3F,; 0= —/adA (6-14)
A
(My), = SM,; 0=— / zo dA (6-15)
A
(Mg), = SM,; M = / yo dA (6-16)
A
y

et

Bending-stress distribution
(profile view)

(a) (b)
Fig. 6-30

*The condition that moments about the y axis be equal to zero was not considered in
Sec. 6.4,since the bending-stress distribution was symmetric with respect to the y axis and such
a distribution of stress automatically produces zero moment about the y axis. See Fig. 6-24c.
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As shown in Sec. 6.4, Eq. 6-14 is satisfied since the z axis passes
through the centroid of the area. Also, since the z axis represents the
neutral axis for the cross section, the normal stress will vary linearly from
zero at the neutral axis, to a maximum at y = ¢, Fig. 6-300. Hence the
stress distribution is defined by o = —(y/¢)0 .. When this equation is
substituted into Eq. 6-16 and integrated, it leads to the flexure formula
omax = Mc/1. When it is substituted into Eq. 6-15, we get

~ O max
0= /yz dA
4 A

which requires

/ysz=O
A

This integral is called the product of inertia for the area. As indicated
in Appendix A, it will indeed be zero provided the y and z axes are
chosen as principal axes of inertia for the area. For an arbitrarily shaped
area, the orientation of the principal axes can always be determined,
using either the inertia transformation equations or Mohr’s circle of inertia
as explained in Appendix A, Secs. A4 and A.5. If the area has an axis
of symmetry, however, the principal axes can easily be established
since they will always be oriented along the axis of symmetry and
perpendicular to it.

For example, consider the members shown in Fig. 6-31. In each of
these cases, y and z must define the principal axes of inertia for the cross
section in order to satisfy Eqs. 6-14 through 6-16. In Fig. 6-31a the
principal axes are located by symmetry, and in Figs. 6-31b and 6-31¢ their
orientation is determined using the methods of Appendix A. Since M is
applied about one of the principal axes (z axis), the stress distribution is
determined from the flexure formula, o = —My/I,, and is shown for
each case.

UNSYMMETRIC BENDING
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BENDING
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(©)
Fig. 6-32

Moment Arbitrarily Applied. Sometimes a member may be
loaded such that M does not act about one of the principal axes of the
cross section. When this occurs, the moment should first be resolved
into components directed along the principal axes, then the flexure
formula can be used to determine the normal stress caused by each
moment component. Finally, using the principle of superposition, the
resultant normal stress at the point can be determined.

To show this, consider the beam to have a rectangular cross section
and to be subjected to the moment M, Fig. 6-32¢. Here M makes an
angle 6 with the principal z axis. We will assume 6 is positive when it is
directed from the +z axis toward the +y axis, as shown. Resolving
M into components along the z and y axes, we have M, = M cos 9
and M, = M sin 6, as shown in Figs. 6-32b and 6-32¢. The normal-
stress distributions that produce M and its components M, and
M, are shown in Figs. 6-32d, 6-32¢, and 6-32f, where it is assumed
that (0, )max = (0" )max- BY inspection, the maximum tensile and
compressive stresses [(0, ) max T (071 )max] OCCUr at two opposite corners
of the cross section, Fig. 6-32d.

Applying the flexure formula to each moment component in Figs. 6-32D
and 6-32¢, and adding the results algebraically, the resultant normal stress
at any point on the cross section, Fig. 6-32d, is then

o= + — (6-17)

Here,

o = the normal stress at the point

v, z = the coordinates of the point measured from x, y, z axes
having their origin at the centroid of the cross-sectional
area and forming a right-handed coordinate system
The x axis is directed outward from the cross-section and
the y and z axes represent respectively the principal axes
of minimum and maximum moment of inertia for the
area

M, = the resultant internal moment components directed along
the principal y and z axes. They are positive if directed
along the +y and +z axes, otherwise they are negative.
Or, stated another way, M, = M sin 6 and M, = M cos 0,
where 6 is measured positive from the +z axis toward the
+y axis

I1,, I, = the principal moments of inertia calculated about the y and z

axes, respectively. See Appendix A
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UNSYMMETRIC BENDING

The x, y, z axes form a right-handed system, and the proper algebraic y

signs must be assigned to the moment components and the coordinates
when applying this equation. When this is the case, the resulting stress

will be tensile if it is positive and compressive if it is negative.

Orientation of the Neutral Axis. The angle a of the
neutral axis in Fig. 6-32d can be determined by applying Eq. 6-17
with o = 0, since by definition no normal stress acts on the neutral
axis. We have

ML
M.I,°

y

Since M, = M cos § and M, = M sin 6, then

Izt 9
y = Iyan z

T

[(0)max = (@' Vmax]

[(@dmax * (T max]

A

X
[(Ux)max - (U;c)max]

(Ux)max
(6-18)
This equation defines the neutral axis for the cross section. Since the 7
slope of this line is tan « = y/z, then
(0 )ma
I (e)
tan a = —tan 6 (6-19)
I, +
y
Here it can be seen that unless I, = I, the angle 6, defining the direction \ @)
of the moment M, Fig. 6-32a, will not equal a, the angle defining the e
inclination of the neutral axis, Fig. 6-32d.
mportant Points
(0 )max

® The flexure formula can be applied only when bending occurs
about axes that represent the principal axes of inertia for the
cross section. These axes have their origin at the centroid and
are oriented along an axis of symmetry, if there is one, and
perpendicular to it.

® If the moment is applied about some arbitrary axis, then the
moment must be resolved into components along each of the
principal axes, and the stress at a point is determined by
superposition of the stress caused by each of the moment
components.

{0
Fig. 6-32 (cont.)
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BENDING
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The rectangular cross section shown in Fig. 6-33¢ is subjected to a
bending moment of M = 12kN-m. Determine the normal stress
developed at each corner of the section, and specify the orientation of
the neutral axis.

SOLUTION

Internal Moment Components. By inspection it is seen that the y
and z axes represent the principal axes of inertia since they are axes of
symmetry for the cross section. As required we have established the z
axis as the principal axis for maximum moment of inertia. The
moment is resolved into its y and z components, where

4
M, = —5(12kN-m) = =9.60 kN -m

M, =%(12kN-m) = 720kN-m

Section Properties. The moments of inertia about the y and z axes
are

I, = %(0.4 m)(0.2 m)* = 0.2667(10°) m*

I = 1 (02m)(0.4m) = 1.067(103) m*

v

Bending Stress. Thus,

sz + MyZ

IZ

1,

720(10°) N-m(02m)  —9.60(10°) N-m(—0.1 m)

) .
1.067(10 %) m* 0.2667(10 %) m*

=225 MPa Ans.

720(10>) N-m(02m)  —9.60(10°) N-m(0.1 m)

+
1.067(10 %) m* 0.2667(10 %) m*

= —4.95 MPa Ans.

720(10°) N-m(—02m)  —9.60(10°) N-m(0.1 m)
= = = —225MPa Ans.
1.067(107%) m* 0.2667(107%) m*
720(10)N-m(-02m) —9.60(10°) N-m(—0.1 m)
T + o =495MPa Auns.
1.067(107%) m 0.2667(107%) m

The resultant normal-stress distribution has been sketched using
these values, Fig. 6-33D. Since superposition applies, the distribution is
linear as shown.
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UNSYMMETRIC BENDING

4.95 MPa
X
A
2.25MPa
2.25MPa D
B S
a Y 4.95 MP
M= 12KkN'm << o 4
0.2m
2
y
(a) (b)
Fig. 6-33
Orientation of Neutral Axis. The location z of the neutral axis M =12kN'm
(NA), Fig. 6-33b, can be established by proportion. Along the edge A
BC, we require / /4
3
225MPa _ 4.95MPa RIS
z (02m — z2)
AN\ o=-531°
0.450 — 225z = 495z z
z =10.0625m a=—794°
In the same manner this is also the distance from D to the neutral axis N
. B c
in Fig. 6-33b.
We can also establish the orientation of the NA using Eq. 6-19, /
which is used to specify the angle « that the axis makes with the z or N
maximum principal axis. According to our sign convention, §# must be y

measured from the +z axis toward the +y axis. By comparison, in
Fig. 6-33¢,6 = —tan’lg = —53.1° (or = +306.9°). Thus,

IZ
tana = —tan 6

Iy

1.067(107%) m*
tan o = ﬁtan(—%.l”)
0.2667(107°) m

a = —794° Ans.

This result is shown in Fig. 6-33¢. Using the value of z calculated
above, verify, using the geometry of the cross section, that one obtains
the same answer.
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BENDING

XAMPLERI6.16

The Z-section shown in Fig. 634« is subjected to the bending moment
of M = 20 kN - m. Using the methods of Appendix A (see Example
A4 or AS), the principal axes y and z are oriented as shown, such
that they represent the minimum and maximum principal moments
of inertia, 7, = 0.960(107) m* and 7, = 7.54(10°) m*, respectively.
Determine the normal stress at point P and the orientation of the
neutral axis.

SOLUTION

For use of Eq. 6-19, it is important that the z axis represent the
principal axis for the maximum moment of inertia. (Note that most of
the area is located furthest from this axis.)

) o Internal Moment Components. From Fig. 6-34q¢,

?\(\ M, = 20kN-msin 57.1° = 1679 kKN -m
400 mm 6 =571 ’
e == WAk M, = 20kN-mcos 57.1° = 10.86 kN *m
\r/
100 mm / . . .
- Bending Stress. The y and z coordinates of point P must

300 mm— be determined first. Note that the y’, z' coordinates of P are

M
@) Ny (—0.2m, 0.35 m). Using the colored triangles from the construction
shown in Fig. 6-34b, we have
yp = —0.355in 32.9° — 0.2 c0s 32.9° = —0.3580 m
zp = 035¢0832.9° — 0.25in32.9° = 0.1852 m
Applying Eq.6-17,
M, yp My zp
op=———— + ——
I I,
4 z (10.86(10%) N - m)(—0.3580 m) . (16.79(10% N - m)(0.1852 m)
0.200 = —
o \m 0.350m 7.54(10%) m* 0.960(10%) m*
P

N[ — 376 MPa Ans
N < il Orientation of Neutral Axis. The angle § = 57.1° is shown in

@ = 85.3° Fig. 6-344. Thus,

} Y 3y 4
7.54(107°) m
tan o = W tan 57.1°
(b) N VA a = 853° Ans.
Fig. 6-34 The neutral axis is oriented as shown in Fig. 6-34b.
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Strength of Materials

Unsymmetrical bending involves the cases in which either the bending
moments do not act in a plane of symmetry of the member or the member
does not possess a symmetric cross-sectional area.

In deriving the relation for pure bending, one of the assumptions is
that the section is symmetrical about a vertical plane passing through
the vertical axes of symmetry and the bending couple acts in that plane.
A vertical axis of symmetry is perpendicular to the neutral axis passing
through the centroid. Owing to symmetry of such a member and of the
loading, the member remains symmetric with respect to the vertical plane
and is bent in that plane. If the vertical plane is not a plane of symmetry,
the member cannot be expected to bend in that plane.

For symmetric bending, the summation of moments of all the elementary
forces about the vertical axis of symmetry must be zero, i.c.,

jodA-x=0 or [oxdd-=0

E LO_E
or ;Jydi:O ['y R)

UNSYMMETRICAL BENDING
Vertical axis of
symr|netry
|
.
G'gA/X ‘ }A/ ) /’_ NA
1 },/
’/—/T*\- centroid
|
|
/
Fig.5.47
(5.18)

or fxydd =0

which is the necessary condition to use the bending equation derived earlier. However, this condition is found
to be satisfied for a set of two perpendicular axes for all types of symmetric and unsymmetric sections. The
integral [xydA (also denoted by Ixy) is known as product of inertia. The two axes for which it is zero for a
section are known as principal axes or principlal centroidal axes of the cross-section. The moments of inertia
of an area about its principal axes are known as principal moments of inertia. If a cross-section has an axis of
symmetry, then it can easily be shown that this satisfies the condition for a principal axis. The other principal

axis will be at right angle through the centroid.

o Note that the product of inertia I = [xydA is not the product of I_= [y?dA and 1= jx?dA. Thus whereas

IXY

is zero for principal axes, I, and Iy will have certain values known as principal moments of inertia.

o In case of unsymmetrical bending it is assumed that there is no twisting of the members due to unsym-
metric shear stresses. It is observed that if the load is applied through a particular point known as shear
centre, there will not be any torsion or twisting of a member due to shear stresses. The shear centre
may lie in or outside the section. If the load is not applied through the shear centre, there is twisting
of the beam due to unbalanced moment caused by the shear force acting on the section. For sections
symmetrical about an axis, the shear centre lies on the axis of symmetry. For sections having two axes
of symmetry, the shear centre lies at the intersection of these axes and thus coincides with the centroid.

(Refer Section 6.5 for details).

Example 5.34 I

A 4-m long simply supported beam of 80 mm width and 100 mm depth carries a load of 10 kN
at the midspan.The load is inclined at 30° to the vertical longitudinal plane and the line of action
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Bending Stress in Beams

of the load passes through the centroid of the rectangular section of the beam. Determine the stresses at all the corners
of the section.

Solution

Given A simply supported beam carrying an inclined load as shown in Fig. 5.48a
L=4m W= 10 kN
To find Stresses at all corners of the section

The section being symmetrical, the centroid is at the centre of the rectangle and the coordinate axes x-x
and y-y are also the principal axes (Fig. 5.48).

y 10kN M My
_ Y/ I T S S S
T e | By |
1305/ ! 5 .
E ! J 2 ! 1 \\ !
§ x_--—-ar--—-——- X X—ft-—- Oi ————M, X—--—-OAi\-z;st—eMy
l | s | N\
Y | . :
v c y D c Y D A
|80 mm ——|
(a) (b) {c)
Fig.5.48
Moment of inertia
3
1= 80X1007 _ 6667 x 105 mm
* 12
3
and 1 = 100X807 _ 4267 x 106 mm?
4 12
Bending moments
Maximum bending moment = W =10kN'-m or 10X 10°N-mm
Resolving into components,
M =10 X 106 cos 30° = 8.66 X 109 N-mm (due to vertical component of load)
M, =10 X 10%sin 30° =5 X 10° N-mm (due to horizontal component of load)

As it is a simply supported beam,

s the vertical load component induces compressive stress in the upper half and tensile stress in the lower
half, and

s the horizontal load component induces compressive stress in the right half and tensile stress in the left
half.

Bending stresses

The bending stress at any point (x, y) in the section consists of two parts, one due to bending about the axis
x-x and the other due to the bending about y-y, 1.e.,
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Strength of Materials

M M

I, I,
As both the components are to give tensile stress in the 3rd quadrant, x and y both can be assumed positive
in this quadrant. Thus assume the following for positive and negative directions for x and y:
e x positive towards left of O and negative towards right of O
e y positive downward from O and negative upwards from O

Thus
— in Ist, x and y both negative
— in 2nd, x positive and y negative
— in 3rd, x and y both positive and
— in 4th, x negative and y positive

Therefore,
6 6
. 1 1
6y = BOOXI0° gy X1 g
6.667 x 10 4.267 %10
=-1.299 X 40-1.172 X 50 =-111.83 MPa
o, = 1299 X 40+ 1.172 X (-50) = 64.95 — 46.88 = — 18.07 MPa
o,=1.299 X 40+1.172 X 50 = 64.95 + 46.88 = 111.83 MPa
o,=1.299 X (-40) + 1.172 X 50 = —64.95 + 46.88 = 18.07 MPa
Neutral axis
As the stress at the neutral axis is zero, the equation for the neutral axis is ¢ =0
or 1299y +1.172 X =0
or na=2=-"2_ 00020 or  a=-42.05°
X 1.299

As it is negative, it is taken at an angle of 42.05° with the x-axis in such a way that it passes through a
quadrant in which either x or y is negative. The neutral axis has been shown in the figure. Finally, on that side
of the neutral axis which has 3™ quadrant (both x and y positive), there will be tensile stress and on the other

compressive stress. My
A simply supported |-beam of 2-m span 4 KN y
Example 5. I ply supp P
ample 5.35 carries a central load of 4 kN. The load y—!—\ K D c
acts through the centroid, the line of action is inclined at 30° to . | '
the vertical direction. Determine the maximum stress. 30 L ‘
Solution ! 3 }
Given A simply supported I-beam carrying an inclined load —- :!l.' -—-x My—> Jr— -—
as shown in Fig. 5.49 | i
L=2m W=4kN | i
To find Maximum stress ¥ | |
. . Ly Y \—‘—1
Asthe section is symmetrical, the centroid is at the centre 1‘05 | A B
of the web and x-x and the coordinate axes y-y are also the 8(; ©)
principal axes. @ .
Fig. 5.49
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Bending Stress in Beams

Moment of inertia

3 3
I= 2[%4— 80 x 10 752}r %: 10.843 x 10° mm*

3 3
] :2X10x80 +140><8

v =0.859 x10°mm*
12 12

Bending moments

Maximum bending moment = * =2 kN-m

M, =2 X cos30°=1732kN'm (to induce tensile stress in lower half')
My =2 X 8in 30° =1 kN'm (to induce tensile stress in right half )
Bending stresses

x and y both are positive in the lower right half (4%) quadrant.
The maximum tensile stress occurs at B,

M, 6 6
O‘=%-y+—}-x— 1.732 x 10 80 + 1x10

- e N 220 w106
I, I, 10.843 x 10 0.859 x 10

The maximum compressive stress occurs at D and is 59.34 MPa

% 40 = 59.34 MPa

Example 5.36 [ Figure 5.50 shows a cantilever beam of [-section loaded by two inclined loads . Determine the
stresses at all the four corners.

Solution

Given A cantilever beam of I-section carrying two inclined loads as shown in Fig. 5.50
To find Stresses at all the four corners

y 6 kN
3kN D | [
! | A
6KN  3KN 45°Lr§°
v 4 . _3’%_ 120° |160
7 5m 5
e— 2. — || —>20|<—
@ |
i 1
20 | | |y
Age—120 (mm)—> g
(b)
Fig. 5.50

As the section is symmetrical, the centroid is at the centre of the web and the coordinate axes x-x and y-y are
also the principal axes (Fig. 5.51a).
Moment of inertia

20 x 1203
=2 0x120

3
[m =26.56 x 10°mm*

+120><20><702)+
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Strength of Materials

20%120° 120 %203
X +

I,=2 =5.84x10°mm*
12 12
Bending moments "i'x ’\fx
Remembering that it is a cantilever, D| i | c D| | | c
M, =3%x35c0845°+6x2cos30°=1.732kN-m . ,
(to induce tensile stress in upper half) | |
1 1 A
M, =3%x35sin45°-6x2sin30°=1.425kN-m | | | s
y M - — e M »L21207 o
(to induce tensile stress in left half ) y . ‘ y/ A |
Thus x and y both are positive in the upper left (2nd) | N |
quadrant. ‘ |
Bending stresses | | | | | |
The maximum tensile stress occurs at D, A i B A - B
(a) (b)
M M,
Now, C=—2t.y4+—".x Fig. 5.51
I, 1,
17.827 x 10% 1.425 x 10°
26.56 x 10 5.84 <10
=—-0.671 X 80+ 0.244 X 60
= —53.66 + 14.64 = —-39.02 MPa (compressive)
o, =—53.66 — 14.64 = —68.3 MPa (compressive)
o, = 53.66 — 14.64 = 39.02 MPa (tensile)
0,7 53.66 + 14.64 = 68.3 MPa (tensile)
Neutral axis
Inclination of the neutral axis with x-axis is given by,
M X My
o= —=-y+—=-x or —0671y+0244-x=0
I, 1,
244
or tan a = l=—0— =-0.364 or ao=-20°
x 0.671
As it is negative, it is taken at an angle of 20° with the x-axis in such a way £
that it passes through a quadrant in which either x or y is negative. The neutral
axis has been shown in the figure. On upper side of the neutral axis, there will [«—120
be tensile stress and on the lower compressive stress. zo}j | A
Example 5.37 II Figure 5.52 shows the cross-section of a 3 m long simply L 4
supported beam of T-section carrying a central load inclined |\30°
at 30° to the y-axis. Determine the maximum load the beam can sustain if the S I =
maximum tensile and compressive stresses are not allowed to exceed 40 MPa and ! T
80 MPa respectively. Locate the neutral axis also.The load passes through the centroid (mm) |
of the section. i
Solution _!_ Y
Given A simply supported beam of 7-section as shown in Fig. 5.52. Maximum 53’1
tensile stress is 40 MPa and maximum compressive stress is 80 MPa. Fig. 5.52

L=3m
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Bending Stress in Beams

To find
— Maximum load
— Location of neutral axis

Moment of inertia
As the section has y-axis as axis of symmetry, it is a principal axis. The other principal axis will be at a
perpendicular through the centroid (Fig. 5.53a).

_120x 20 x 10 + 20 x 160 x 100

y= =61.43mm
120 x 20 + 20 x 160
3 3
I = M~i— 120 % 20 x 51.43 +m+ 20 x 160 x (100 — 61.43)2
=(6.428 + 11.587) X 10° mm*= 18.015 X 10% mm*
20 x120° 160 x 20° o 4
Iy = + =2,987 X 10° mm M, M,
12 12 N
Let F be the maximum load at the centre in kN. A ¢ i A\ %’ B
Bending moments | ! | @ [ % ! |
, , Fx3 | o N
Maximum bending moment = = =0.75F kN-m X Yoo Ve w
- " — -1 y
M_=0.75F cos 30° = 0.65F kNm | i 41505
(to induce tensile stress in lower half') | | \
M, =0.75F sin 30° = 0.375F kN'm " ol A
(to induce tensile stress in left half') @) ®)
Thus x and y both are positive in the lower left (3%) quadrant. Fig. 5.53
Neutral axis e
My
The equation for the neutral axisisoc =0 or I L.oy+ T x =0
X y
0.65F x10°  0.375F x10°
or A e X=
18.015x 10 2.987x10
or 0.0361 F-y+0.1255F - x=0
or tana=z=—o'1255 ~~3476 or 6=-7395°
X 0.0361
Neutral axis will pass through 2°4 and 4 quadrant as shown in Fig. 5.48b.
Bending stresses
The maximum tensile stress occurs at 4 or C, 1.e.,
o,=0.0361F X (-61.43) + 0.1255F X 60 = -2.216F + 7.533F
or 40=5317F or F=7523kN
and o,=0.0361F X (180 —61.43) + 0.1255F X 10=4.278F + 1.255F
or 40=5.533F or F=7229kN

Maximum compressive stress will be at B,

0, =—0361F X (-61.43) + 0.1255F X (-60) = -2.216F — 7.533F
or —-80=-9749F or F=8206kN
Thus the maximum load can be 7.229 kN
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Strength of Materials

Figure 5.54 shows the cross-section of a cantilever channel beam that is 3 m in length.The beam
supports a load of 2 kN inclined at 30° to the longitudinal plane at the free end. Locate the posi-
tion of the neutral axis and find the maximum tensile stress acting on the built-in end. Assume the line of action of load
to pass through the shear centre.

Example 5.38 Il

8 kN
Solution |<—60—>| *
Given A cantilever channel as shown in Fig. 5.54. As line of action of load N I )
passes through shear centre, no twisting moment. T 30° ]F
L=3m W=2kN &
To find N . 2 I
— P0s1t'10n of neu!ral axis ol
— Maximum tensile stress > l0l< (mm)
As the section has x-axis as axis of symmetry, it is a principal axis. The L A L]
other principal axis will be at right angle through the centroid (Fig. 5.55). Fig. 5.54

My /l/[x -

! !&80.3‘)
Mo feX e X

Y

Y

[<—>| [<—>|
17 17
(a) (b)
Fig. 5.55
Moment of inertia
_150x10x5+2x50x10x35 —17
Y T is0x10+2x50x10 - mm
10 x 1503 10°
I= O><1250 +2L50TZO +50x10x702J=7.721><10"’mm4

1_can also be found as under:

3 3
;= 00x1507 501307 _ ) |06 mm?

x 12 12
1= M+150x10><(17—5}2+2><10>1<—503+2><10><50><(43—25)2
= (0,761 X 10 mm*
or I=2x 10 x3433 + 150)3”73 - 130;73 =0.761 X 106 mm*
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Bending Stress in Beams

Bending moments
Maximum bending moment =2 X 3 =6 kN-m
Resolving into components,

M_= 6 cos 30° = 5.2 kN'm (due to vertical component of load)

My =6 sin 30° =3 kN'm (due to horizontal component of load)
As it is a cantilever, both of these components induce tensile stress in the upper left quadrant i.e. above
x-axis and left of y-axis in the quadrant containing point 4.
Position of neutral axis

M}’
.y.{.-.x =O
X I)’

5.2 % 10° 3%x10°
+

The equation for the neutral axisisoc =0 or X

or <Y G cx=0
7.721x 10 0.761x 10
or 1,101y +3.942x =0
or tan o = l:—w =-358 or 6=-744°
X 1.101

Neutral axis passes through 2" and 4% quadrant.
Maximum tensile stress
Maximum tensile stress at 4 =1.101 X 75+ 3.942 X 17 =149.6 MPa

5.7 II DETERMINATION OF PRINCIPAL AXES

Sometimes, in case of unsymmetrical sections, the directions Y
of the principal axes are not known. In such cases, the direction K
of these can be found as follows: \ o
Let OX and OY be any two perpendicular axes through the \ \ \
centroid and QU and OV the principal axes (Fig. 5.56). Also \ / 7\5A v
let the inclination of OU with OX be 6. T y L\)\ y.cos 6 \
Let 04 be an elemental area and V/ QN K Nl
x and y = coordinate of the area relative to OX, OY \ 4
u and v = coordinate of the area relative to OU, OV ! /X-COS o /‘T\ :
Then u=x cos §+ysin @ -5y 6 W et .
And v=xcos@+ysind O|( 5 >
Product of inertia = y.sin 6

1, = JuvdA = [(x cos 8 + y sin @)(y cos O — x sin §) dA

=[(xycos? 6 — x sin 0 cos 6 + y2 sin 8 coséi—)cysin2 0)dA
Y

=sin@cos @ (J ysz - fxsz) +(0052 6 — sin” 0) Ixyda

[1+C0S0—1_C0S9)fxydA

=sin 6 cos 0 (] y*dA — [ x2dA) + 5

(%sin 20)(&—1},)4-00320'1” (5.19)
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Strength of Materials

Applying the condition for principal axes, i.e., =0

1
or [Esin 20)(1}—5)4—00520'1)6, =0
or sin 20(1_— 1 y) =-2 c0s 26 - Ixy
21,
or tan 26 = 7 —7
y X

Ifr,1 ; and I, , are calculated, 6 can easily be calculated.
The principal moments of inertia /, and 7, can then be calculated as follows:

Now, I =[v-dA
f(ycos@—xsin@)sz = f(y2 cos® @ + x% sin® 6 —2xysinBcos B)dA

1l

= cosZO'l,,(~|-si1120'l),—sin?.a‘Ixy

sin 20(1, — 1))

1+00520'1 +1—00326'1 —sin 20

2 * 2 Y ~2c¢os 20
.2
1 1 sin“20 (I, —1,)
== +1,)+=cos20(I, - ,})+ ——————
2“ y) 2 (= 1y) 2 cos 20
cos> 20 + sin? 26

1
== +1)+U,~1
2( * y) (L y) 2 cos 260

1
= 5[(Ix+1y)+sec 20 Uy -1y)]

(M

(5.20)

(5.21)

[From (i)]

(5.21a)

Incase I and/ , are equal, angle 20 is 90° and cos26 = 0. In such cases Eq. 5.21 should be used to find J,

as Eq. 5.21a involves division by zero and thus accurate results are not obtained.
I =[u?-dA

= [(xcos @ + ysin 0)2 dA = f(x2 cos? 0 + y2 sin? 0 + 2xy sin 6 cos 8) dA
y

= 00520-Iy+sin20-1x+sin20'lxy
Simplifying as above,
1
I = 5[(Ix +1,)—sec20(I,—1,)]
Adding 5.21a and 5.22a,
L+I=I+I (5.23) y

L, for a rectangle with sides parallel to the principal axes can be found as <~—k—>]

below (Fig. 5.57):
Let /# and k be the x- and y-coordinates of the centroid of the rectangle,
then

5 k+b/2 5 h+d/l2

x y

lxyzﬂxy‘dy'dxz{—) x[—) =kbx hd=bd-hk = A-hk
k—b12 h—d/l2

(5.22)

(5.22a)

[<b—>

4—:——>|

(524 o

If the origin is at the centroid of the rectangle, /I, y = 0 as A and k are both
Zero.

Fig. 5.57
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Bending Stress in Beams

Procedure for the Analysis of Bending Stress in Unsymmetrical Sections

Locate the x- and y-axis by taking moments of the areas about the vertical and horizontal edges.

o Calculate I, I ., and 7 .

Locate the u-axis by using Eq. 5.20. As this equation is derived by taking u-axis in the counter-
clockwise direction with x-axis, a positive value of @ is to be taken counter-clockwise and negative in
the clockwise direction to locate u-axis relative to x-axis.

Find I, from Eq. 5.21 or 5.21a. If [ _and ] , are equal Eq. 5.21 will give the accurate result. Find 7 using
Eqs. 5.22, 5.22a or 5.23.

Find M and its components M, and M,

In the four quadrants made by u and v-axes, mark the one in which both components give tensile
stresses. This can be judged by considering the load component relative to v and v axes as well as
whether the beam is simply supported or is a cantilever. # and v both are taken positive in that quadrant.
Similarly, mark the quadrant in which both components give compressive stresses and thus both » and
v are negative. In the rest of the two quadrants, mark the sign of # and v according to that on one side
of u-axis v is to be positive and on the other negative. Similarly, on one side of v-axis u is to be positive
and on the other negative.

Use the relation ¢ = My v+ M, u to find the stress at any point in any quadrant by inserting
U v

various values.

Inclination of the neutral axis can be found from the relation, tan"'a = v/u. It gives inclination with

the u-axis. A negative value of the angle would mean the axes passes through a quadrant in which

either u or v is negative. On one side of the neutral axis, the stresses are to be tensile and on the other

compressive.

Example 5.39 II An angle bearn of 300 mm X 300 mm size is loaded as shown in Fig. 5.58. Determine the direc-

tion of the neutral axis and the bending stresses at A, B and C.The line of action of the load passes

through the shear centre of the cross-section.

Solution f

Given An angle beam as shown in Fig. 5.58.
To find

P
<

Bending stresses at 4, Band C 15kN 15kN

As line of action of load passes through the shear centre,
no twisting is there.
Moment of inertia about x- and y-axis

2m 2m 2m

Vg
Position of neutral axis T
o
3
l (mm)

¥
5 &
300 |
_ 300x30x150+270x30x15 . |‘—' —¥
Y T T 300% 30+ 270 X 30 = ©6.0>mm Fig. 5.58

As it is symmetric angle section, x = 86.05 mm (Fig. 5.59)

; = 300x30°
) 12
=145.804 X 10 mm*

+30 x 270 x 78.95%

3
+300><30x71.052+%

Due to symmetry, /, = 145.804 X 10® mm*

Ixy = A-h-k=300x30(=71.05)(63.95) + 30 x 270(—=71.05)(78.95)
=_-86.329 X 105 mm?*
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Strength of Materials

A A
" o ve R Y N AN | ve v
/ . Ty d
N | M X M N NN
| u +ve | 3 2 +ve
L #b Y. X b
Nz NZI
M -—/K——————:—BOI =t i,
31 R g
v |- ' | / | S e 8
8 | —
Vv o€ v ¥
86.05 < o—ve N
% —ve ve
+ve U +ve U
Fig.5.59
Principal axes
Inclination of principal u-axis,
21 - 6
tan 26 = Xy _ 2x(—86.329)x 10 e 20=-90°
I,-1, 0

or 6=-45°
u- and v-axis alongwith four quadrants with respect to these axes are shown in Fig. 5.59.
Moment of inertia about principal axes

I, can be found from Eq. 5.21,

=145.804 X 10%-86.329 X 10°

1, = cos?(—45°) x 145.804 x 10 + sin? (- 45°) x 145.804 x 10® — sin 90° x (—86.329 x 10%)
= 59,475 X 105 mm?

I,=I+1—1 =145804 X 106 + 145.804 X 106 —59.475 X 106
Bending moments

Maximum bending moment = 15 X 2 =30 kN-m

M, =30 cos 45° = 21.21 kN-m (to induce tensile stress in 3" and 4" quadrants)

M, =M, =21.21kN-m (to induce tensile stress in 1% and 4% quadrants)
Thus « and v both are positive in the 4" quadrant.
Bending stresses

For B,v= 0B =2 X 86.05 cos 45° = 121.69 mm; u= 0

M, M, 21.21x10°
op=—"t-v+—L.u=
I, 1

e X 121.69 + 0 = 43,397 MPa (tensile)
v 59.475 x 10
ForAd,v=AD = BD=212.69 mm

u = OD = BD— OB = 300 cos 45° — 121.69 = 212.13 -121.69 = 90.44 mm
_2121x10°

59.475 x 10°

6
< 00.44 — 21.21x10 _
232.133x 10
= —0.3566 x 90.44 — 0.0914 x 212.13 = -32.253 - 19.382
= —51.635 MPa (compressive)

x212.13
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For C,u = OD = 90.44 mm; v = CD = AD = 212.69 mm; v negative, u positive.
o,=-32.253 + 19.382 = —12.871 MPa (compressive)

Position of neutral axis

Inclination of the neutral axis, tan"l o = Yo_ 0.0914 =-0.2563
u 0.3566

or a=-14738°

Bending Stress in Beams

Neutral axis is shown in the Fig. 5.59b. As angle « is negative, the neutral axis has to pass through 1% and

3t quadrants.

Example 5.40 [

A 60 mm X 40 mm X 6 mm angle is used as a cantilever with the 40 mm leg horizontal and on
the top.The length of the cantilever is 600 mm. Determine the position of the neutral axis and

the maximum stress developed if a load of | kN is applied at the free end. The line of action of the load passes through

the shear centre of the cross-section.

Solution
M,
P 4 ¥ +ve /
h#4o—>| Y H—l,—nto—»l Y c o yve
1 £ 18 I IR N Iy ¥ o/
! y A T ol S TE Mv*/ T
| i e - ¥ sl S 2350
S N | RN AL SOV . N
| || e (A
| {72 I [/ e
X ,’ ’l i
& ;| o7 |< ;i 10.2 A
YL i L] /,i ;/’”
>, 6 e i
Fig. 5.60
Given An angle beam as shown in Fig. 5.60.
L =600 mm W=1kN
To find
— Position of neutral axis
— Maximum stress
Figure 5.60 shows the section and the load.
To locate the centroid, take moments about the left and upper edge,
_ 40x6x20+54%x6x%x3
X = =10.2 mm
40x6+54x6
. 40x6x3+54x6x(27+6)
Y 40x6+54 X6 =202 mm
Moment of inertia about x-and y-axis
x 543 40%x6°
=% 6 xsaxi12.82+ 0x6

+40 %6 x17.2% = 203537 mm*
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I,= X6 | o724 02540 L6 409,82 272818 mm*

I,=54X6X (-7.2)(-12.8)+40 X 6 X 9.8 X 17.2=70314mm*  ...(Eq. 5.24)
Position of principal axes

tan 2 = Iji"y] =5 512 iozi) 134537 = —1.0758,20 = —47° or 6=-23.5°

Take u-axis at 23.5° in the clockwise direction with the x-axis. Four quadrants with respect to # and v axes
are also shown in Fig. 5.55.
Moment of inertia about principal axes

I = %[(1,r +1,) +sec 201, — 1,)]

u

= %[(203 537+ 72 818) + sec (2 x 23.5°)(203537 ~ 72 818)]

= %(27 6355 +191671) = 234 013 mm*

v

I = %(27 6355 —191671) = 42 342 mm*

Bending moments
Maximum bending moment = 1000 X 600 = 600 X 10*N-m
Resolving about uu and v,

M, =600 X 10° cos 23.5°=550.2 X 10°N-m

(being cantilever, it induces tensile stresses in 1 and 2° quadrants)
M, =600 X 10% cos 23.5°=239.2 X 10°N-m

(being cantilever, it induces tensile stresses in 2" and 3™ quadrants)

Thus # and v both are positive in the 2" quadrant.
Position of neutral axis

M, M, 5502x10° +239.2x103‘

= ety = v u =2351v+5.649 u
1, I, 234 013 42 342
The equation for the neutral axis is ¢ =0
or 2351 v+5.649u=0 or tana= 2 =-0416 or a=-22.5°
v

Neutral axis is shown in the Fig. 5.55. As angle a is negative, the neutral axis has to pass through 1% and
3t quadrants.
Maximum tensile stress
Maximum tensile stress will be at C the coordinates of which can be found as below:

0C= J10.22 + 20.2% = 22.63 mm

. | CD .o—1 20-2 . =1 o
—sin L 1 202 108932632
LCOD=sin op =S e

LCOV =632°-235=39.7°
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Bending Stress in Beams

Thus v = 22.63 X sin 39.7° =14.46 mm and u = 22.63 X ¢0s 39.7°=17.41 mm

[Alternatively, Refer Fig. 5.61,

y=CK = EO = DG - GH = 20.2 cos 23.5° - 10.2 sin 23.5° =14.46 mm

u=CE=CD+ DE=CD + HO =20.2sin 23.5° + 10.2 c0s 23.5°=17.41 mm)]
o =2351 v+5.649 1= 2351 X 1446 +5.649 X 1741= 1323 MPa

Maximum compressive stress
Maximum compressive stress will be at P the coordinates of which

are,
OC = 422 +39.82 =40.021 mm

/POD= sin”! g—i =sin"! % =sin"10.9945 = 84°

LPOV' = 180°— 84° — 23.5° = 72.5°
Thus v = 40.021 X sin 72.5° = 38.17 mm and » = 40.021 X
cos 72.5°=12.02 mm
[Alternatively, Refer Fig. 5.61,

v=PS=PT+TS=PT+ QR =42 sin 23.5°
+ (60 —20.2) cos 23.5° = 38.17 mm
u=PM= S0 =RO— RS = 39.8 sin 23.5°
—4.2 c0s 23.5°=12.02 mm]
o=2351 X 38.17 + 5.649 X 12.02 = 147.64 MPa

y
| i
! I/
c -
' Di ,’I
s -
— "__I:’_» ( \;\: J‘IT _______ X
G OI/I' ) "
’ , i A
/III !
7 P Q
Fig.5.61

Example 5.41 l An angle beam of 140 mm X 100 mm X 10 mm is subjected to a point load of 7 kN as shown in
Fig. 5.62. Determine the values of the maximum tensile and compressive bending stresses devel-
oped if the line of action of the load passes through the shear centre of the cross-section.

Solution

Given An angle beam as shown in Fig. 5.62.
To find Maximum tensile and compressive stresses

To locate the centroid, take moments about the left and
lower edges,

_ 90x10%x55+140x10X 5 7 kN
X = = 24,56 mm

90 x 10+ 140 x 10
__90x10x5+140 %10 x 70 4456 1.5m° 2m
Y 90 x 10 + 140 x 10 = 4%o0mm

Centroidal axes x and y are shown in Fig. 5.63a.
Moment of inertia about x- and y-axis

;= 90x10° 10 x 140°

X

+90 x 10 x 39.56% +

|-

Fig.5.62

+10 x 140 x (70 — 44.56)% = 4.609 x 10° mm*
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“N y T
e ~
44/5,6 ! \\ vV /,// \\ \\\ A
7 U o |
el CN
W 24.56 v v
(a) (b)
Fig.5.63
3 3
1= 10X907 | 10% 90 x (55 — 24.56)% + w +140 x 10 x 19.56% =1.989 x 10® mm*

1= 90 x10 X (55— 24.56)(—39.56) + 140 x 10 X (70 — 44.56)(—19.56) = —1.78 X 10% mm*
Position of principal axes

2Ly, —2x1.78x10°

tan 28 = = 6 6
Iy—1, 1.989 x10° - 4.609 x 10

=1.359 or 20=53.64° or 60=26.82°

Take u-axis at 26.82° in the counter-clockwise direction with the x-axis. Four quadrants with respect to u

and v axes are also shown in Fig. 5.63a.
Moment of inertia about principal axes

I, = [cos?(26.82°) x 4.609 + sin?(26.82°) x 1.989 — 2 x (~1.78)sin 26.82° x c0s26.82°110°
=5.509 X 10% mm*

I,=1+1—1,=4609 X 10°+1.989 X 10°~5.509 X 105=1.089 X 10® mm*

Bending moments
Tx2
Maximum bending moment on thebeam =R X 1.5= ——— X 1.5=6kN'm
Angle between the load and u-axis = 105° - 26.56° = 78.18°
Resolving about uu and vv respectively,
M, = 6 sin 78.18° = 5.873 kN- m (to induce tensile stress in 3™ and 4" quadrants)

M, =6 cos 78.18° = 1.229 kN m (to induce tensile stress in 2" and 3 quadrants)
Thus  and v both are positive in the 3¢ quadrant.
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Position of neutral axis

M
c=—%.v+

Bending Stress in Beams
5.873x10°  1.229x10°
v —L.op== v+ X ‘u =1.066v+1.129u
I, 1, 5.509 x 10° 1.089
The equation for the neutral axis is ¢ =0
or

1.066 v+1.1294=0 or tan o=

1.12
o= —= _L129 =-1.059 or=—46.64°
u 1.066
Neutral axis is shown in the Fig. 5.63. As angle « is negative, the neutral axis has to pass through 2" and
4% quadrants.
Maximum tensile stress v A
Maximum tensile stress will be at B the coordinates of which can \ . il \
be found as below: ‘\ \
For B (Fig. 5.64), \ \
OB = 24562+ 44.56> = 50.88 mm Al U
\ ‘\‘ P
. BD _ i e
. =1 1 —
OD= sin ——= ——— =sin  0.8758=61.14° v A ,
B OB 50.88 \i o
LUOB = 61.14° - 26.82° = 34.32° D | |E /;ﬁgj_%_ﬁ‘?___
Thus v = 50.88 sin 34.32° =28.69 mm and u = 50.88 cos 34.32° = , ’& \
42.02 mm A / \
o =1.066 X 28.69 + 1.129 X 42.02 = 78.02 MPa YA \
Maximum compressive stress B 9
Maximum compressive stress will be at 4 the coordinates of which \ y
are, Fig. 5.64
04 = \14.562 + (140 - 44.56)2 = 96.544 mm
410
LAOE = cos

E 1 145
— = COS

0A 96.544
LAOV' =

=cos10.1508 =81.33°
81.33° - (90° - 26.82°) = 18.15°
Thus v =96.544 X cos 18.15°=91.74 mm and u=96.544 X sin 18.15° = 30.07 mm

o =1.066 X 91.74 + 1.129 X 30.07 = 131.74 MPa
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